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sdil Basic ouapts and examples
.

Det la , l A lie algebraover o is a vector space g /0 ,

equipped oith an operation ( Lie bracket )
[⼩ : gxg → g

satistying thefollowing
C 1 ) E- , A i '

s

biliuear
.

( 2 ) [x, x ] = 0 θ xε 的

( 3 ) ( Jacobi identity ) [ x , τ Y ,
E] ] t τ Y ,

CE , x3] + [E , [a. Y]] = 0

Remark ( Exer ) ( 1 ) t (2 )⇒ (2) [ x , Y ] =
- τ y ,

x ]

(2 ) ② (2 ) if char ( k) t 2 .

Defli 1 . 2 A lie algebra fi 's called abelian if
[ x . y ) = 0 θ x . y ε g

Def 1 .
1
. 3 g , g ' =lieafebras A homomorplism( resp,isomorphisa)

ot lie algebras is hon cresp .
isol of veetor spaces

φ : g →g ·
sit .

φ [ xy) = [ φ (x ) , φ ( y " ) txy ε g .

Def . 1 . 1 . 4 of = lie agebra 3 cg .

giscalleda liesubagesbra if it is closed under ta

idead
-lliel of moreover

, Extg , YEG Cx , Y ) E ]
.



A/k
.

+
,
… + 数乘

Example 1 . 1 .5 . A = associative alsesra le . g .

Matn ( a ) )

[ x , y ] = xy - yx

Example 1

. 1 . 6 A derivation of A is a linearmap
d ; A → A

.

s . t . V a .
b ε A .

dcab) = dcalb t ad (b ) C leibniz rule )
.

Der (A ) = S all derivation of A 3 C Ead (A )
“

↓
For lie alsebra g ,

d ( ta , b ] ) = [ dca) . b] + [ a . dcb> ]

Der ( g ) C End cg ) is a cie subagebra .

adx : ] → f .

UX ε 吗
,

Cinner derivation )

y → [ x , y ]

Example 1 . l .
7

. U =n - dim vee space/c

e ( v ) == End ( U ) gln = Matn ( Q )
∞ U

sl ( v ) == 3 x
0

σ gl ( u ) |+r ( x ) = 0 } sln = {AEglu | tr (A ) = 03

g : = 3 x ε glu 1 Mx 4 xTM = 03

M = (
0

∵装0) g = sorer1cglre+ 1

M = (
0±

0 ) g
=

spe cglre .

M = (
0l0 ) g = sore

.

cglre



Cis lineaz )

Remark
.

(Ado
'

s hm) Any fin - dim lie algebra is a lie subalgebra

of gln .

Example ,
l . 8
U = n -dimvee space l .

A( complete , flag in V

和 = ( o =U 。
cu , c … cUn = v )

dim Ui = i

let

±= { x ε gecU ) | X ( Vi ) CUi
,

o ≤ i ≤ n 3 cgl (u )
0

n = { x ε glN ) | × ( vi ) cli
- ,

0 ≤ i ≤ n }

Ref . Finmite grup . An introduction
.

8 - P .

Serte

Grp → lieltly .

lemma lil . 9 g = liealgebra . Jcg ideal
.

Ehen

C 1 ) g/] has a natural lie algabra structure
.

( 2 ) d : g ,

→gr = a hom. oflie adgebras then

c 2 i ) ber dc of 1
is an ideal in g ,

cur ) im dc g 2i ' s an lie subalgebra ingz
C2 . 3 ) g ./Kerd

≈ imd
skethot .

proo ( . ( 1 ) txts) " YtG ) : = cx
. y ]
t) EG/B

( 2 ) ( 2 1 )ExEg Y ε Ker% .
φ τ x . y 3) = τψ ( x )

, f (y 1 ] = [ ψ ( x) ,
0] = 0 =⇒ x . y[ cKer d

( 2 ,
2 )

.

( 2 . 3 ) □

20 = 00

⼀



[ I , I2 ] = spana τ x . y 3 ( xEI , yoIi3
⼀

lemmalil. lo
I
,Ircideals Then I . Λ I2

,
IitIn CI , I ]

are ideals
.

proof
.

UXE 时 。 Y 1 ε I . Λ I 2 .

x
. Y 1

τ ] cI ,- ⇒[ x , y 1 )
c I . ΛIz

CIz-

Yz=>I+I= E 1 ttz

是是
。

x , yr ][ = [ x
,
z . tzr ] = [ X ,

z] +τ X
,

E
]
☆

是 CI
,ta-

Y 3x[IiI] = t , tr ][

x , Y 3 ][ = [ x
,
τt

,
tr ] ] = [ t

, [
x ,

t
2 ] ] + [ [ x , t 1] ,

t
2 ]

P P

I ( I 2 ][ [I 1 ,
卫]

ε I, τ 2 ][ □

Def l . l . l
1 [ g , g ] is called the commutant of g .

Lemma lN . 12 . glra , g 3 isabelian

VIcg, ifg / Iisabelian
,

the I orz ,gI
proof ,

tx . yog , cxiy 3 ← cog ,吗

( 27 t xiYEg ,

X
, Y ]I EI

.

⇒ [ ] , ] C I . □

好 Sx了 [ xi
, xj ] = xk

.

Cij
在

-

Cij
ε
Q . structune coustant .



s 1 . 2
. Representation of lie algebras

.

Def . g =lieagebratc
A representationof g

. Cor a g -module )is aoectorspace4

equippedwith a homomorphism of Lie algebras
= PO: g → l ( U )

A morphism l resp .isomorpehismsrepreseatation v
,andw

.

c intertwining operator )

is a linear map ( res p. isomorphism)
A : U → W

whichcommuteswiththe of - action .

APu ( b) = Pwcb ) A Ubog .

Example 1 . 2 .
2

.

) trivialrep)P (x ) = 0 cglcu ) oxog
c 2 ) ladj' ointrep ) p( x ) = adx Ex ε g

Def .

l . 2 . 3 A subrep . of V is a g
- invarinta subspae WCU .

i . e , P : g → gl (u) EXEof , WEW
.

x 1t) βx Ix ( ω) εW
.

Example 1 . 2 . 4
.

ci ) quotienV= repofog ,
wol sus rep .

τhen Uwis a rep ot g .

(2 ) (directsum) V , w = repotg .

Praw (x ) = Pu (
x ) ④ Pwlx ) ExE ] ,

( U ④ W , Pvaw ) is a rep ot g .



( 3 ) ( tensor product ) Pvaw (x)P (X ) ④ Iw t Iv QPω (x ) txcg

( 4) (dual rep )
V = repofg .

V* = dual ofU

Pv* : g → l ( U
* )

x -→ Px( )= - Pvcx)
*

: U
*
→⽐

[ ]f t) - fofucx ,

che
.

Pv * ( τx . y ) ) (f ) = - fo βv ( τx , y )
)

=
- fo [ fu (x) , Iu ( y ) ]

= - fo Puix) friy) - Pocy)Pocx)
= - ffucxsocy ) t ffoty 'fy
= Prxcx) ofofruy ) - fRxy )ofopucy1
=

- Pu* ly ) Pux ( x) of t PUx ( x) Pv * ly ) of

= ofq* ( x)
, fvx ( y ) ][

S
" v

,
N

^

V

Def 1 . 2. 5 V =repofg
.

V
∞= 30 oU 1 v = o vxoyl)

Def .

1 . 2 . 6
.

A rep V of g is called

cl ) irreducible if it has no non-trivial subrep
.

Uwct w =oorVe

c 2 ) indecomposable .if t VEU . ④U 2wehave either O ,
=0 or Ur = 0

( 3 ) completelyreduaibleifV ≈ ( ④ irnd , reps )



Main problem .

C 1 ) Classify all irrd . rep
( 2 ) V = ( ④ irrdrep∝

↑ tind
.

( 3) For which
"

obeets"areall repcompletelyredueible .

↑
semisimple lie algebra .

Remark Any fin -din rep U = ④ lindecom .neps )noiquely upto
theorderofsummands.

∅

Krule - schmidt theorem ( Module theoy )
,

lemma
,

1 . 2 .

7

( Schur'
sLemma) V , w

= irrd, repsfin- dinoff . then
) Homg ( U ,

w ) ifvtw
( 2 ) Endg ( U ) = Q

proof ( 1 ) Vw,Suppose, and Homg ( U ,
ω ) t0

Let A EHomg
(

V , w
)bea wonzeromorpbisum. then .

inA )oW i' s a nouzernsubrep. , hene im (A ) =W

thenher( A ) 年 V is apropersubrep⇒ KercA ) =0

A i ' san isomorphism *

( 2 ) A ε Endg ( U ) λElet4 isaneigenvalveofA .

then A - N . id ε Endg (v ) but not a isomorphism⇒ A - Nid = 0

)
7A = A . id . actingbyscalar. □

Remark
,

( 2 ) is not true wben k = 发



Cor 1 . 2 . 8
.

Thecouter of f arts on irtd
, rep o by scalan

Inparticular ,ifog i' s abelian ,thenevery itrd ,repof g is' I- dim

Proot Z (g ) = 3 x ε g 1 cx , y ) = 0 tyEg ?
.

For x ε Z ( g)

Pv ( x ) :
U → U

⼀
⼀

VY ε∞ ,

Pucx )Puiy ) - Piy'Pvix( 0) = [ Ov (x ) , Puly )] = P0 [ x , y ]) = 0

⼀

⼀

Pu ( x1 Pu (y ) = Puly ) Pr ( x )
⇒Pu( x ) ε Endg ( l )⇒ x actsby scalar

.

If g is abelian
, EXEg ,

PU (x)=λx -id
.

λx ε C
So any oospansan9 -dimsubspaceofU

V irrd , ⇒ A - dim subspace = V ⇒ dimU = 1 □

Cor . 1 . 2 . 9
.

Vi = irrd( ) reps .

U = ④ nili = ⑤ Uiaui ( tatton
,

. Rep theoy ,

afrist coure)
←

w = amivi= .tiam(
complete reps/a ofg .

Then we have a natural linear isomorphism
V

,
ω)(tomg ≡ Matmixui ¢ )1④

Moreover U =W is an isomorpbism of asso . algebm


