
Lecture 2
.

S 2 . 0 Review

Let R be a commutative ring
DeE 2

. 0 . 1An R -moduleisanabelian grop M . with an
RXM → M

a ,my → am
.

theat satisties thefollowing
① Associativity cab) m = a < bm)

② Distributivityatb) m = am tbu ta
, bER

a (utm
'
" ) =am tam m

, W' EM

③ Uit Δ m = m
.

( 2 ) M , N = R - modules A bomomorphism ( 2 - linear map ) i

'

s a

group homomorplism
φ : M→N

S , t . φ ( am) = a φ cm) VaER MECU
.

Remark 公, - module = abelian
grop

k - module = k - weetor space .

Def 2 .0 .2An Cassociative ) R -agebrais aring Aequippedwith

an R -module structute s . t
.

rlmm ) = rum ' = mrlm "
=
u crm) UM

、MEA
.

VER



Recall some iiti- ) linear algebra
Ul作

The tencsoralfebra ofU is thea - graded associativeagebr.

TV == Uon
品 deg Von = n )

withh themultiplintiongiven nyab a ob for a c Uou , b ε U
θ n

.

Herebyad, - graded asso
. alebrawemeananasso . afebra. A

, thut its

undertyingabeliangroup is endowedwitha decomposition A = AK④

友ε ⽇
,

Sit . AeAm cAeem θl
,
m ε ⽇ .

Universul property .

A = K - agebna .

5 : V →A lGinear nap

U →Af
↓ 当录

a

TV

Cousidor ther ( graded ) two - side idealofTU

= 2 CXay -yaxixiyor
The quotiient TV) = : Scv) ' s called thesyumetricagebraout

Universalproperty
. v

5
A

G注 8 lgivenny 与 (o,
… od) = fco, …floa)

S ( U )



s 2 . 1 Universal enueloping algebra .

Def 2 . ll
.

TheUEA of g 以

Vig ) == Tg /I
where I is the ideal generated by

xy - Yx - τxy ]
tx

. Y ε g .

Prop 2 . 1 .
2

C 1 ) Let I
'

CTg be an ideal and I : og
→Tg/ I,the natural linearmap .

.

Then P is a bomomorphismofLieagebras ②
I
0 I

, so that

τg/Il is a quotientofTg/ I =Ug)

( 2) Let Abeanyasso . K
-alyebra. Thenthe map

HomAsso (Vig ) ,A )→ Hom Cg ,Alcie

v(g ) → A→
g →
Ug) → Ae
.

⼀
p 0 ?.

is a bijection ,

proot I ) e is a bonof Cie agebra
Ʃ Plx ) P (y ) - Pcy 'Pix ) -P ( [ a , Y) ) = 0 E I ' OxYEY

.

② ICI

( 2) Given a lie alfebra bomomopbism f : g → A
.

⽇ ! φ , g → A
5

↓→a

T的⽇
! . φ

.

given φ6x) =fixy txty .



φ ( xy - yx ) =φ (x) φ (y ) - φ (y / φ ( x )

= f ( x ) f (y )
- f (y ) f ( x)

= [f( x ) , fiy ]

= f ( τ x , y ] )

= φ ( τ xy ) )

Ic Ker φ
,

② ! 中

Ty AETg /Ker φ

后中 odcxygivenhy =φ (x )

g →Af

φ~↑ a! φ← δ=¢ 0 p

岩 “1 f

崭vc)Juniversalproperty of vg )

g →Af

↓。
」

当 : 4
⽇

Vcg )



clai Vig ) is hot graded
Inoued . If ue try to defie deg ( X ,

… Xh) =k Kicg ,

deg ( xy ) = dg ( yx) = 2
dg ( xy

-

yx ) =
dg
( τ x . y3 )

= 1

Instead
,
we have a

" weaker " structure : filtration .

Recall

四 A a
20 - filtration algebra is an algebra A equippedwith a

filtration
0 = FKAC FOAC F. A C - . CFnAc …

such I EE0 A

U 和Anz
0

=A EA - FjACFijA .

In particular, if A is generatedbysxi 3 , then a filtration onA
can be obtaivnedbydelens Xi to be degree 1 .

FnA = E .A)"
=

Spanofall wordsintiofdes an
xia - -duy

”

身 If A = ④ Ai is C
20 - gradedthen wecan define a filtrationi 20

onAbysethig

FnA =Ai。

”

For a filtered algebra ,

we can define its associateel graded ayebra .

grA == ④grnA
2 o

wheregruA==FnA/如A
Multiplication

,

ta tgriA , bogrjA . we can take therepreseative elements
λ ≤

:AFi
1A

F与A/F8cA



Fi+ jA → FitjAFiejnA
≈5 ← ab

a EEiA 5 EFjA, then ab is the imageof ah ingrijA
4
has no tero divisors

Prop 2 . 1 . 3
.

If gr Aisa domain , then so is A

proot Suppose that Ais not a domain
.

A = 0 trivial
.

t0 F 0

At 0
.

hen aa . b EA s .t . ab = 0
.

王 ij 30 aEEiA
. bEFjA at Fi + A bEF8- 1 A .

thentheimngegriA jagrIAarenouzero
with [ a ] i cb ]j

= Cab] ieg
= 0 * □

Now
,

we defihe the filtration on Vg )1

φ : Ty → T /I
.

let deg (g ) = 1
. Tg

U

和 V ( g ) == g。
1

) φcvcg )

And we bouethat

[ FiU ( g) , FjV( g ) ] CFi+8- 1Ug )
since xy - Yx

= [ *.Y )

业

grVcg ) i ' scommutative

Thu
,

2
.

1 . 4 ( Poincave - Birkhoff - ω iH )
Tbene is a natural isomorplism

互 : Sg → grVig )

↑

Abstrart version
. ↑ EpsPg → grp (g ) 业

州



Concrete version .

( I , ≤ ) xicacxsc
…

少

Tam 2 .
1 .5 CPBW) Let SXiikn 3 be an orered basis ofgund

cousidetorderedmonomials πXi wbere the produt is ordered
awordingtothe basis

Then such orderedmonomialsarelinearlyindependent, hence form a

basis of V ( g )

[ : 。)e = ht ) f = [ 品 ]

Examle 2 . 1 . 6 Vcsh ) : ehfumk n . m .

k EC 20

Remark
: One may

consider Ugasa deformationofthe symuetric algebra
sg

in thesenpeweconsider afamilyofK -alebra

At ≡ Tg < xay - y ④ x - ε [ x .y ) | xYGg )
A 0

= Sg .

A ,
vg
()

Ref : MoF … …

Cor 2 . 1 . 7 The mapP : g → Vcg ) is ingective. Tlus y cUig )
proot . The basis ( Xi ) ofg is merpperl to bnearly indepedent elements . 12

Remark : vecspa,txo
→ 0bilinearmap.⇒

One can also defihe Vog ) as baove
.

or2 . .
7 ⇒ [ x .x )= 0 & Jawbiidentityw

Tbe PBW TGn & Cor
.

2 . 1 . 7 fail without the axion ofLieagebra .



Let U = vec
. spacelkthefreeagebraliegeneratedby 0

is the Lie subalgebra L 1 U ) C TU generated by U .

Universal tg f : U→y linean map

u →gf

YUnearmap- 当
l

4

a

Fa∝ V ( L ( O ) ) ≈ TV

s 2 . 2
. proof of RBW Tbm

,

( U . Kac
.
lecturemies )

proof of Thm 2
. 1 .5

Easy part : the ordered monomials span vcg )

Lets be the monomialgreeof the Ki
,

… Xi ,

and N thenumberofpairs im ,inforwhichmanbut im > in

( S ,
N ) xi … X …X3

… Xis
.

Set ( S . N) < CS
'

,
N ) ② scs or ↑ ↑

s = s & NCN
1

m ⻔

Proof is by indeution on the pair ( s ,
10 ) im = 7

δ
n
= 3

.

For 1N = 0
,

there is nothing to prove
.

If N 2 'I
,

then in the monomial we bave Xit Xite 1
where it Tite 1

But wehavethe relation

XitXite 1
= Xitt 1Xit tCXit ,Xite ]

Then Yi ,XistitXitei" =
Xi
, …Pite ,Xit …Xis tXi , …Xit -., [

Xit
, Xite. ] Xittr … Xi—

( s
, N - 1 ) < ( S

,N) s - 1
, ? ))

< s
.
o)C

By inductionbypothesis ,eachtermof Ritsis generateelhyordered nonomils



ltard
, part : the ordered Monomials ane lineary independert .

(S> 0)
Let Bs be the vec . spacelEwithabasisYi , …Yiswhere ic … cis
Set Bo =β

.

B = Bs④

S 20

We shallconstrut alinearmop f :Ty
→ B s. t

.

I ckerf and f ( xi , … Xis ) = ( Yi , … , yis ) if ic…s
This will induce a linear map

8 :
V(g)→ B

teacethe ordered monomials are linearly independert sinee
.

Yo , …
, Yis i ←… cis are lineanly independet

Coustruttion
f ( 1 ) = 1

.

f ( x , i
, …Xis ) = ( Yi -

- Yis ) if i
, c … cis

f (xi , … Xi+ Xite "
… Xis ) = f ( Xi , … Xite,Xit… … Xis )

( X )

+ f ( Xa… [Xit , Xitu 1
] … Xis )

x
reduce f (Xi ,

… Xis ) =
Ʃ f ( X 8, … Xjs) I , c

… cj' s

f ( x4 x 3 x 。 X 1 ) = f ( x4 xaxsxi ) tfc…
f= ( x4 x2 x 1 xs) +
—

…

= f ( x , xusx4)
+ … τ>f(⼩ … …

= f ( x4 x 3 x ,xr ) +fc
…

“
= f ( Xu X , xs Xk ) + …

We do this by induction on Cs
,
N)



∠ d

Case I
.
xi - Xis= Xi"

… XitXite ,

… XirXire ' …

ts"
it > ite 1

ir > ir + 1

fc… ab - …cl … )
= fc… ba … cd…7 t fc - - Caib 了 - - cl)

= fc … ba … de… " + f ( … ba … [ c , d ) … - )
s , W - 2)(

s - 1 , N - 1 )(

+ f ( … [ a 、 b] … dc … ) + f < … Ca , b ) …
C
, d] … )

CS - 1
, N - 1 ) < s - 2 .

? ) 1

= f ( - - ab …dc -- ) t fc… ab
,

…cidl… )

= fc… ba … dc… ) + fc … caib 了 … dc - … )

+ f ( - -ba … cd …)t fc … ta . b ) -- c .d )

a b ∠

Case
. Xi

,

… Xis = Xi
,

… XitXitt , Xiter
-

- Xis it 7 itt 7 iter.

fc… abc- ) = fc… bac -- ) + fc - -[ a . b ) c - )

= fc … bca … ) + f (… b [ a .
c ) - - )

+ fc… a . b )c … )

= fc … cba - ) + fc … τ b ,
coa … ) ( 1 )

+ fc… b [a .
c ] … ) + fc - - [ a . b ] c - - )

= f ( … acb … ) + f (… acb .

c ) … )

= fc … cab…) ffc … [ ac ]b - ) + f 6a[ b .c ) … .)

= fc … cba … ) + fc - crab] -— )
( 2)

+ fc … [ a .
c ) b… ) + fc … abbic… )

By linearity .

& induction hypothesis .

f (- …αβ- -
) - f ( … β x … ) f ( …[

α ,β ] - - )



( 1 ) - ( 2) = fC… [ b
,

c ] a - - ) + fc … b [ a. c ] - … ) + fc - - [a ,
b ] c… )

- fc… a [ b . c ) … ) - f ( … [ a .
c ] b - - ) - fc - . cca

. b ] - )

= fc - [ b . c3 ,
a][ …) + fcb ,

caic] [… ) tfc … raibcl…
= 0 -[ a

、 b
. c] ] b- [ ,

[c . a ] )
- [c ,
[

,
b ] ]

π a .
bc [,
+ ][ [ b .

τ c
.
a ] ) + [ c , τab )) = 0

Jawbi identity

It remains to slow tht I c berf .

By linearity ,
it is suficient to show that EA , 13 .Tg , tij

f ( A ( Xi 与- XjXi - τ xi , xj] ) B ) = 0

If i 7 j ,
i's is cx)

f (Xi , … Xi+ Xi++ ,
… Xis ) = f ( Xi , … XiteiXit … Xis )

+ f ( Xa… [Xit , Xitu ,
] … Xis )

If i < j ( x ) ⇒f ( AXjXiB ) = f ( AxiXj' B ) + f ( A [ Xj , Xi ] B )
= f ( AXiXj ' 3 ) - δ (A τ xi , j ) B )

⇒ f ( AXidj B) = fCAXjXiB ) +f (A [Xi : xj ] B) □


