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BB localization forse. 3
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S 3 .0

D线 3 .0 .
1 V = veetor spacelk ItK . AN → Uliar operator .

The subspace
UN = IUEUI A -NII

'
0 0 = oforsowe DEC 。

]

is called a generalited cosenspale of A with eigeavatue ⼊

Prop .
3 . 0 . 2 U =vee .spaelk A: U 7Ulinearoperator

Let λ … Is beall efeuvaluesof A and n . nsbethes multiplicities.
Thenthereisthegeveralizedeigeuspace decomposition

S

V = ④Uxi
where dimUni = ni

prof By fodan mand form A = (
.
s"
.
)

withbasis
e
,

… en
,
ence
… eaitn . …

let Uλ
,
= sp ( a …en .yeanUi . =span lene … en . en. ) . -

… ⼝
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31
.

sh = { [ x
*^
- a
] } c lz = Mat

=
c¢ )

Recall sh has

generutors e = ( 0 品 1ff : , ic∵ )
withebtion e,f ' = aches = reeh , f 3 =zf

We consider thesh ationon Arx .ysv given by
et) xay fGyax hsxax -yayxeguayy,

aayxxeyn-

yaxxayoly"" " )

=

Xag )( lxlyut )

This infinite diuension representation has the foru lmes xlym - lel m xlym

U = ④ U [K ]
K 20

where Vtk ) = 3 gcx . y 1 ← C Cx . y ) 1 dgg = kl

U (EJ is invariant undere , f . h , hence it is a ke 1 -dim represeutatim
with basis xb

.
xkry ,

…

. Xykrye s . t

e . Xlym 17 mxley,
f : xlym 1y e xe

"

yme
1

h : xlymy xlyull-u)

Remark
.

V [ o ] trivialrepresentation
V [ I ] G GLCU ) = Mat . tautolofical representationbyMot 2()
V [ 2 Jup adjorit represeatation

U [ K ] is irreduible
.

Pop
. 3

川减L

⽐ WCVCk ] be a rmonzensubnepreseatation .

it ishinvanareherefortbeveitisspannedby 3 xnyknlnos
sc 30

.
,kihere

Since W isalso e - invariantalf - invaricunt ,

ifmothenssoismtlandu- l Cif they are in so . ks
Thus S = 30 … k ) and W = U [ K] □

⼑



P≈31. 2 IfVt 0 isa fin- dim represeutationofslo ,
then

elv and flo ave vilpotent .so Ker (e ) t 0

aprearvesuanaartsdiagonalizablyon it ,

with nonnegative integer eigenvalues .

proof Write V as a direet sum of generalized eigeaspace ofh .

⼀

⼀

V =④ Uλ
⼊

sinee he = e (ht 2) , hf = f (h -2 ) ,
we have

e . α → Udtr

f : Ux → Ux- 2

Thus elo
, flo are vilpotent , so berce > to eNo = 0

←necv) = h - 2)ev = o ⇒ hocberex
beep

So Ker ce , is h - invarint . ] doinfthis
.Consider Om : = emf

"

o (above o ε ker ce) )

Sine ef
"

o = feth) fu ' 0=fefu 0 thfuo
= fefu o t fu

*

(h - 2 cm- )ψ
= f

'

efm
"

v + fm
(

h - 2cm-1) th - cmu)) 0

⼆ …

= fuy ch - me 1 )om

Then om = emfuv = emtfm
"

m (h-mt1 ) v
.

= m (h- mt 1 ) Omy
Since fis milpotent , Om = o for large enough m .

⇒ Ch-mel ' (h -ul …th -iho

) ho = no for some NE {
1
,

: m - 13 2 lineat algebra
⇒h actsdiagonalitablyon withnomegative integer ergenvaes

.

erce,

⼀

i . e
,
aetion of h onkenles is semisiuple
⇒

asstruit Jordendecomposition .

习



型 31 .
3 Any irrd

, fon -dim nep ofserlisisomophic to
U
-

3 for somehk
.

proofLet ookerce )be aeigenveetorof hwithgenvaleu ⼊
.

let ωm =mifu 0 .

ωm = 哥 wm,

Then fwm = utll ωmt 1

h ω
m = λ -2 m) ωu

e ωm = m ( λ-mt1 )Wm- 1

Prop 3 . 1 . 2 ⇒λ is a nonnegativeinteger.Nowwearite λ= k
It is easy to see that k isthemaximalonesuththatOKto lice .

ωktr =0)

eωk+1 = kti) (λ-k) ωk = 0

⇒Ew .…wk3 form a basis of U and

onL ,( 品)xmyk-
m

givee theisomoplism
U ≈ UIK ] □

Thu 3.Any fin-dimrepUof slr is oupletereduiblery
We wil provethecompleterecducibilityforthenepofsemnisiupleliegebna

司



多 3 . 2

We first introducethe q
- intergers

q = Oariable q
^

- q
- u

q - interger [ n > : =
—

= qn + tq
" 3 +
… + q
'
" ε R [ 8

,
q

] = : A
q - q

- 1

Tlure is a ring bomomonphism
A → 公

q 1— Δ

[ n ] 1→ n

→ ⼼

q - analg lassical

Remark :

"

Wedonotcousidesa sperializationatrootsofuityinthis lectuse
.

suppose that s =exp (2ni 真 )' stheprimitiventhrootof lenity .

⇒ A>¢φ:

q 1→ s

[n ] ≥ 0 [ntk ) = K) in theimage .
: ① ( τntk ) ) =φ[E])(

∞ similar to Fp if p =n

representation theoryof QuE at q = s is sinilar to

n = p represeatation theoryofredrutive groups in char = p ,

Ref : Lusztig

Def 3
.
3 . 1 Uqcstr) is an associative algebra/k= acq)

with generators e , 5 ,
t

,
t
.

andrelatiousttt = t't = A tetl = qre
t- ε

- 1

tfε- r = q- 2 f [e
, f] = ⼀

q- q
- 1

← ef - fe)

⽤



RematkRoughly, wemythink about theelement as
t = qh ( h →←( ) ε sh)

takinglimi't q → 1 corsespond

⇒ [ e , 5 ] =

t∝= q

←
-

⿏, →h .

q - q
-

1

Thm 3 . 3
.

2 ( PBW basis ) ektnge K
,
l ε a 20 ,

n ε a
, forms

a Qcq )

- linearbasi's of iqcl2 )

司



Hopfalgeb
⼀

eetinlarsociativealgebrasin s 2 . 0 whichmay be
restated as follows .

Def 3 .3 .
3

.

An I Jassociative algebra A over a fieldk is
a veetor space le withlineanmops

m : A ④合 → A the ultiplication
anl

U : β → A therit

sit . thefollowingdiagramsarecomnutative .

associativity .

A ④ A ④ A —→
M @ 1

A ④A

q ⑥ m ↴ m↓ 步
A ④A

m

Δ④ u
.

nit . KQA →
UGI

AQA ← A ④ K

⇌
↓ n/
aa

、
→ A

hutural zomorphism

Examp A = Matnxn (k ) U : →Ak

toX → ult) ④ X L→IEE

“

筵↓
可



We nwowdefuelthe notion ofoagebrabyreversingthe direction
of above arrows

Def 3 .
3

. 4 A walgebra over k is a veetor spael做 with

linear maps
0 : A → A 0A conultiplication
ε : A → K the wito

sit . thefollowing diagrams are commutative
.

A QA ④ A ←
“

A ④A

↑rac ↑ 。

A ④A ← A
Δ

AQE I ④ E

K ⑥ A ← A ④ A Aok
→

⇌ ↑ 。 ⇌
⇌

A

Def 3
. 3

.

5 If A
,
m

,
ui ' sanagebra ,(A ,

o
,
E ) is a coagebra

and m
, u are algebrac omomoperism
0

,
a are agebra homomophism .

And there exists a
linear map

S : A → A called antipode
satisfcing thefollowingcommutative diagram .

Δ

AQA ← A → A ④A
0

↓S] 已 UOE 2 I ④ S少 崩A ④A λ→←
mm

Then A , miu , cia
.

s) ' s called a slopf algebra .

习



Example 3
.

3 . 6 g = lie agebra
⼩ , A = Ocg )

Δ : x 1→ C (X) = X ④q +Δ ④ X

ε : x 1→ E (x) = 0 txtg
S : x 1→ S ( x ) = - x ( Sis an anti alfebra bomomorpism)

A_CAQAox
——x④a+ q0 ×

S ④ A ↴ yuo εI 少 λ
A可⼩0A

0 : m (-λ④ A + 1 ④ x )
S ( x ) ④ A+ A④×∞= - λ+ x = 0

(2 ) A = Uq (sh)
Le = e ④ t

1
tq ④e

cf = f ④ qtt ④ f
c (tt ) = t ± ④t

±

E ( t ) = 1 E (e ) =ε cf) = 0
S (t ) = t- " Sce ) = - et . s (f) = -tf .

Vq ( g ) is also a slopf agebra for general of lmogho be kar- Moody Lae
aob→ boa algebra )
AOA →AoAswap

Def 3 . 3
,

7

A iscommutative ←

*起… “

AOA SWap AoA
cocoumutative C

÷ ↑ o

A

Fat. VCg) isnotcomumtativcebutcocommatative

Uqlg ) isheitherommor ocomm
.

⑧



S 3 .3 ( NO PROOF )
Let us begin wita sonmealgebraicgeomety ,

but in this case
,

we can try to not use thelanghageofsheaves .

we defne theprojetspaveip= aYcaib )icxaixsdimensional

Def3 .y the second weyeagebra
== ¢ < x , y ,

ax , θy
>(x ,x) =τy , ay]"

oters = 0

DeE3 . . 2

. A-moale onorisaeta'3 D
2
- molule

Actually , we have a frunution
→Dlz⑫

e L→ X 2 y

f → yax

a 1→ xax - yay

This mepextendtoa sutective mep of associative algebras
U ( str ) → Dipa

By thismep ,

theCasimirelement

c = iar + ht 2fe
is seut to o

.

Fatt
c geaertes theentiveconer of V < sl2)

⑨



Thu 3 .3 ( Beilinson - Bernstein localization for sl2 )
There is anequivalence of Categones between
O - Mod cIp " ) and U

.
( st

2) -Mod

shr - nep
with trivial cetralolaraeten

( V 。 (tr) = V ( tr)/cc= 0 )
)

The general statement :

G = copex redutive grop g = CG )lie

0

B = Bord subgromp
1Bthe slasoariety

t ; θ - d ( G/B>Mo → ( g - mod ) 。

is an eqrivalence of categories .

Ref .
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D
-modules

, perverse sbeaves , aud

representation theoy
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